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Numerical Analysis of Magnetic Nanoparticles Penetration within 
the Cancerous Tumor Tissue under Influence of External Magnet 
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Abstract: Using the great magnetic drug carriers (MDCs) is proposed mechanism to reduce and increase the toxic 
drugs penetration within the healthy and cancerous tissues, respectively. The purpose of current study is to investigate 
the penetration of magnetic drug carriers within the cancerous tumor tissue under the influence of external magnet. In 
order to solve the coupled governing equations an in house finite volume based code is developed and utilized. Capillary 
wall and tumor tissue is modelled as a saturated porous media. Results show the penetration of MDCs into the tumor in 
the absence of magnetic field is minimal and is limited to the surface of the tumor. On the other hand, under the 
influence of external magnet the penetration of MDCs within the tumor increases exponentially.  
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1. INTRODUCTION 

Chemotherapy as one of the most utilized 
cancerous tumor treatment methods could introduce 
undesired side effects in the healthy organs [1]. The 
chemotherapy side effects can be reduced by reducing 
the level of drug concentration in healthy tissues. In 
order to minimize the drug concentration in healthy 
tissues, using the large drug carriers is an attractive 
method because they do not penetrate the healthy 
tissues (except liver, spleen and bone marrow) where 
pores of capillaries wall are smaller than 60nm [2, 3].  

However, the large carriers do not penetrate deeply 
into the cancerous solid tumors [4]. This is due to the 
low filtration rate and also outward flow of interstitial 
fluid which limits the drug delivery only to diffusion from 
the tumor surfaces [5]. Also, the carrier size has direct 
effect on the drug diffusion. 

In order to improve the penetration issue, magnetic 
drug carriers (MDCs) are used. For drug delivery, 
magnetic nanoparticles are loaded with drugs, coated 
with biocompatible coatings and are injected into the 
human vessel. The loaded particles move through the 
vessel and are aggregated where the magnetic field is 
applied. 

Drug delivery by magnetic drug carriers (MDC) has 
been the topic of many researches in the medical field. 
The issue of drug delivery inside a blood vessel has 
studied. For instance Shaw and Murthy [6], Khashan 
and Furlani [7], Sharma et al. [8] and Grief and 
Richardson [9], ignored the effect of MDCs on the 
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velocity field. Also, Habibi and Ghassemi [10], Li et al. 
[11], Cao et al. [12] and Habibi et al. [13] investigated 
the blood flow and MDCs concentration in 2D channel 
without ignoring the effect of MDCs on the velocity 
field. But these investigations limited to blood vessel 
and did not study the MDCs distribution within the 
tissue. In addition, Nacev et al. [14] numerically 
investigated the behaviour of MDCs distribution in and 
around the blood vessel under influence of external 
magnet by some simplifications such as Ignoring the 
horizontal magnetic force and effect of MDCs on blood 
flow and considering no coating for nanoparticles. Also, 
the MDCs diffusion coefficient in the vessel wall and 
tissue are not calculated. They find that there are three 
prototypical behaviours (blood velocity dominated, 
magnetic force dominated, and boundary layer 
formation). Also some fine studies such as Klinbun  
et al. [15], Khanafer et al. [16] and Keangin et al. [17] 
investigated the effect of electromagnetic field on the 
transport through biological and porous media. But 
there is no nanoparticle in these works.  

As mentioned, to date there is no good investigation 
which calculates the penetration of MDCs within the 
cancerous tumor tissue under the influence of external 
magnet. 

The purpose of current study is to deliver the 
magnetic drug carrier (MDC) to the cancerous tumor 
tissue, enhance the penetration of drug and increase 
the effectiveness of the treatment. In this study, the 
numerical investigation of MDCs penetration into the 
cancerous tumor under the influence of non-uniform 
magnetic field is presented. Also the physical 
parameters that affect the MDCs distribution are 
studied. The MDCs diffusion coefficients in the capillary 
as well as its wall and the tumor tissue are considered 
as variable and calculated. These coefficients are 
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functions of MDCs diameter, pore size of capillary wall, 
tissue porosity and etc. 

2. PROPOSED MODEL 

The MDCs penetration from a peripheral capillary to 
tumor tissue under the influence of external magnet is 
modelled. Figure 1 shows the schematic model of the 
capillary, its wall (the Endothelium layer), the tumor 
tissue and external magnet. As shown, the capillary 
assumed as 2-D channel. Also the Endothelium layer 
and the cancerous tissue is saturated porous media. 
The channel width (w) and length (l) are as 40 microns 
and 6mm, respectively and Endothelium layer 
thickness is0.5 microns [18, 19, 20]. The tumor tissue 
has4mm thick. The external magnet is cylindrical with 
4mm diameter and is placed on the top of the tumor 
tissue. 

 
Figure1: Schematic model of capillary, its wall and tumor 
tissue. 

The blood is treated as Newtonian and its viscosity 
and its density are 3.45cP and 1050kg/m3, 
respectively. 

The MDCs structure is depicted in Figure 2. As 
shown the MDCs are core-shell shape (spherical core 
with 5nm biocompatible shell). The core is mixture of 
super paramagnetic nanoparticles in polymer sphere. 
The volume of MDC (!

MDC
) is sum of core sphere 

volume and coating volume. Total volume of magnetic 
nanoparticles ( !

MNP
) is 0.7 of core sphere volume. 

Therefore total MNP`s volume ( !
MNP

) of single MDC is 
as follow: 

!
MNP

= 0.7 !
MDC

" !
Shell( )           (1) 

 
Figure 2: MDCs structure. 

3. GOVERNING EQUATIONS 

The governing equations for capillary, Endothelium 
layer and tumor tissue explained in the following 
section separately. 

3.1. Inside the Capillary 

In this study blood is incompressible and the mass 
and momentum equations are as follow, respectively 
[21]: 

Continuity equation: 
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Vertical momentum equation: 
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Where Fx is the horizontal and Fy is the vertical 
component of magnetic body force, which applied to 
blood. 

The magnetic body force is given by: 
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Where F1 is magnetic force which acting on a single 
MDC and given by [21]: 
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!
MNP

 is total volume of magnetic nanoparticles in 
single MDC and χMNP is the magnetic susceptibility of 
the magnetic nanoparticles sand set equal to 2 [22]. 

Number of MDCs is unit of volume, np, is obtained 
from: 

np =
CMDC

!MDC

= C "
C
0

!MDC

          (7) 

Where CMDC, C0 and C are volumetric concentration of 
MDCs in the blood, concentration of MDCs at inlet and 
dimensionless concentration (CMNP/C0), respectively. 

By combining equations (5), (6) and (7), the volume 
body force becomes: 

 

!
F =

1

2
µ
0

!
MNP

1+ !
MNP

/ 3

"
MNP

"
MDC

C
0
C# H

2         (8) 

Inserting equation (8) into equations (3) and (4), the 
horizontal and vertical momentum equations become, 
respectively: 
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The concentration equation (mass transfer) inside 
the capillary is as follow [10]: 
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First term in right hand of equation (11) is diffusion due 
to concentration gradient where Dblood is MDCs 
diffusion coefficient in blood. 

MDCs diffusion coefficient is given by (9): 

D
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Where DB is Brownian diffusion coefficient and it is 
calculated from Einstein relation (9): 

D
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Ds is scattering diffusion coefficient and it is equal to 
3.5×10-12[14]. 

Also second term is mass transfer due to convection 
where 
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 is MDCs velocity vector and calculated by: 
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vrelative is the MDCs relative velocity with respect to the 
blood flow and it is given by[13]: 
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Inserting equations (14) and (15) into equation (11) 
gives: 
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Where the magnetic field intensity (H) is given by [21]: 
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where B0 is magnetic flux density of external magnet at 
its surface. 

The last term in right hand of equation (16) is mass 
transfer due to magnetic force (influence of external 

magnet). As shown this term is function of !
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This means that this term becomes greater as 
MDCs radius (rMDC) increases. 

3.3. In the Endothelium Layer 

One row of adjacent Endothelium cells consist 
capillary wall but there are thin slits between adjacent 
Endothelium cells. The width of these slits is only about 
6 to 7nm [19, 20]. But the blood vessels in tumor tissue 
have defective architecture and pores cut-off size in 
these capillaries is so much greater. In this study the 
Endothelium layer intercellular gap is set equal to 
500nm, which is the actual cut-off size for LST174T 
tumor [5, 23]. 
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Capillary wall is modelled as a saturated porous 
media. Therefore, the concentration equation is [24]: 
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G and E are generation and uptake terms, respectively. 
In this study no generation and no uptake is 
considered. 

The MDCs diffusion coefficient in Endothelium layer 
(DEndo) is given by [20, 24]: 
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Where D∞ is diffusion coefficient of particle in 
unbounded fluid and ε and λg are porosity and 
geometrical tortuosity of Endothelium layer. Also S and 
J are steric coefficient and hydrodynamic coefficient of 
MDCs in Endothelium layer, respectively. 

MDCs diffusion coefficient in unbounded fluid, D∞, is 
given by Brownian diffusion coefficient of particles in 
the plasma, because of the gaps between endothelial 
cells is filled with plasma, and is as follows: 

Dplasma =
kBT

6!µplasmarMDC
        (21) 

Where µplasma is plasma viscosity and it is equal to 1.24 
mPa.s [25, 26]. 

The porosity (ε) of Endothelium layer is obtained by: 

! =
Intercellular gap in Endotheium layer

Average size of Endotheium cell
      (22) 

The geometrical tortuosity square ( !
g

2 ) of 
Endothelium layer is set equal to 2. 

It is worth mentioning that hydrodynamic coefficient 
appears when channel radius is comparable to particle 
radius and causes the fluid drag force to increase. The 
hydrodynamic coefficient (J) and steric coefficient (S) of 
MDCs in Endothelium layer are given by [20, 27]: 
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Also, it is assumed that the fluid is motionless in 
Endothelium layer and the tissue where the maximum 

velocity is very small (0.016 µm/s for 1cm radius tumor 
surrounded with normal tissue). This is documented by 
Jain and Baxter [28]. Therefore, the MDCs velocity is 
the same as relative velocity as follows: 
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3.4. In the Tumor Tissue 

Like Endothelium layer, tumor tissue is modelled as 
porous media. The concentration equation in the tumor 
tissue is as follow: 
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The first term in right hand of equation (25) is diffusion 
due to concentration gradient and second term is 
penetration under the influence of magnet (magnetic 
term). This means that the MDCs penetrate due to two 
different mechanisms, diffusion and magnetic 
penetration. So the MDCs penetration is summation of 
two mechanisms effects. 

Again, the MDCs diffusion coefficient in the tissue 
(DTissue) is obtained by: 

DTissue = D!"
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MDCs diffusion coefficient in unbounded fluid, D∞, is 
equal to DPlasma because the interstitial fluid is same 
physical properties with plasma. The steric coefficient 
(S) and hydrodynamic coefficient (J) of MDCs in tissue 
are expressed by [29, 30]: 
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Where Φ is the fibers volume fraction. The value of α 
and ν are listed in Table 1 [29]. 
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Table 1: Amount of α and ν for Equ, 30 

rfiber / rMNP α ν 

0.1 3.483 0.354 
0.2 3.248 0.434 
0.29 2.871 0.477 
0.4 3.146 0.532 
0.6 2.526 0.518 
0.75 2.500 0.600 
1.0 1.900 0.600 
2.0 2.114 0.1719 

 

Collagen fibrils radius (rfibrils) is set equal to 50nm. 
The value of rfibrils is reported to be between 15 to 
100nm [31, 32]. Also, the value of the fiber volume 
fraction (Φ) is set equal to 0.03 [33]. 

The geometrical tortuosity of tumor tissue can 
express as a function of porosity and given by [24]: 

!
g
= "

#n          (30) 

Tissue porosity (ɛ) is varied between 0.06 and 0.6 
for different tumors [34, 35, 36]. The value of n has an 
upper and lower limit and is determined by: 

Upper limit: n = 0.23+ 0.3! + ! 2  

Lower limit: n = 0.23+ ! 2  

In this study and average value of n is utilized. 

4. BOUNDARY AND INITIAL CONDITION 
4.1. Boundary Conditions 

The boundary conditions according to Figure 3 are 
set as Table 2. 

 
Figure 3: Schematic model and numbering of boundary 
conditions. 

4.2. Initial Condition 

Dimensionless MDCs concentration(C) inside the 
vessel is equal to 1 and no concentration is assumed in 
the capillary wall (Endothelium layer) and in the tumor 
tissue (C=0). 

 
Figure 4: Comparison of Dimensionless Horizontal Velocity 
Profile in the Center of Vortex (x’=3.5). 

Table 2: Boundary Conditions 

No. Boundary Conditions 

1 Channel inlet Steady velocity (Uin=0.2 mm/s)[37] 
Steady MDCs inlet concentration (C0=10-4) 

4 Channel upper wall No slip condition (u, v=0) 
MNPs can go through the wall 

3 Channel lower wall 
No slip condition (u, v=0) 

MNPs can’t go through the wall  

2 Channel outlet Neumann boundary condition for both momentum and concentration equations 

5 Tissue upper wall MDCs cannot go through the wall 
6, 7 Tissue right and left wall MDCs cannot go through the wall 
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4.3. Verification 

For verification purpose, the result of the current 
study is compared with the numerical simulation 
documented by Loukopoulos and Tzirtzilak is [38]. 

Figure 4 depicts the highest critical point non-
dimensional velocity profile (at the center of the vortex). 
As shown the results agrees well with that of the 
Loukopoulos and Tzirtzilak is results. The slight 
difference between the two results is due to the finite 

 
Figure 5: Dimensionless concentration distribution of MDCs in the tumor tissue at 1 hour time in absence and presence of 
external magnet. (a): 50nm, (b): 100nnm, (c): 166nm, (d): 250nm, (e): 345nm MDCs (porosity=0.3, z=3mm). 
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volume method (FVM) used in the current study 
compared with finite difference method (FDM) used by 
Loukopoulos and Tzirtzilak is. 

5. RESULTS AND DISCUSSION 

An in house code based on finite volume is 
developed and utilized to solve the coupled governing 
nonlinear differential equations, mass, momentum and 
concentration. The code is based on the SIMPLE 
algorithm and written in FORTRAN. The code runs 1 
hour per case and results are evaluated. 

5.1. MDCs Concentration Distribution 

Figure 5 shows the distribution of dimensionless 
MDCs concentration in the tumor tissue at 1hour time 
without and with applying external magnet. MDCs 
diameters are 50nm, 100nm, 166nm, 250nm and 
345nm and magnetic flux density of external magnet 
set to 2 tesla. 

As shown, for MDCs greater than 50nm, the 
penetration increases exponentially as the external 
magnet is applied. But the effect of the external magnet 
on the penetration of 50nm MDCs is minimal. This is 

because !MNP
r
MDC

"
#$

%
&'

 (is small while MDCs are small (see 

equation 17) and therefore the magnetic penetration 
term is not significant and so external magnet dose not 
excessively affects the MDCs penetration. 

5.2. Variation with Time 

Figures 6 and 7 represent the time variation of 
average dimension less MDCs concentration (Cave) 
without and with external magnet, respectively. The 
average dimensionless MDCs concentration parameter 
in the tissue (Cave) is [29]: 

 
Figure 6: Time variation of average dimensionless MDCs 
concentration (Cave) in absence of the external magnet. 
(Porosity=0.3, z=3mm). 

C
ave

=
C
i
A
i!

A
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         (31) 

where Ci is the MNPs dimensionless concentration, Ai 
is the area of i'th computational cell and are summed 
over the whole tissue. 

 

Figure 7: Time variation of average dimensionless MDCs 
concentration (Cave) in presence of the external magnet. 
(Porosity=0.3, z=3mm). 

As shown, in the absence of external magnet, the 
rate of Cave decreases as time passes. This is because 
the gradient of MDCs concentration which causes the 
diffusion decreases as time passes. However, the 
presence of external magnet causes the average 
dimensionless MDCs concentration to increase 
constantly. This is because the magnetic term of MDCs 
penetration does not vary with time. Also, Cave has 
been multiplied when external magnet applied. 

CONCLUSION 

The purpose of current study is to deliver the 
magnetic drug carries to the cancerous tumor tissue 
and enhance the penetration of them. In this study, the 
effect of external magnet on the MDCs concentration in 
the tumor tissue is numerically investigated. In order to 
solve the coupled governing equations, mass, 
momentum and concentration, an in house finite 
volume based code is developed and utilized. The 
effect of physical parameters on the MDCs 
concentration is investigated. The results show that in 
the absence of external magnet, even though the small 
MDCs penetrate deeper into the tumor and depict 
higher concentration but their penetration into the 
tumor in general is minimal and is limited to the surface 
of the tumor, which verifies the observations 
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documented by literatures. In the presence of external 
magnet the greater MDCs penetrate deeper into the 
tumor. 

NOMENCLATURE 

B0 Magnetic flux density of external magnet at its 
surface. 

C0 MDCs concentration at inlet. 

C MDCs dimensionless concentration. 

D MDCs diffusion coefficient. 

D∞ Diffusion coefficient of particle in unbounded 
fluid. 

Dblood MDCs diffusion coefficient in the blood. 

DB Brownian diffusion coefficient of MDCs. 

DS Scattering diffusion coefficient of MDCs. 

DEndo MDCs diffusion coefficient in the Endothelium 
layer. 

DTissue MDCs diffusion coefficient in the Tumor tissue. 

E Uptake term. 

F1 Magnetic force acting upon a single MDC. 

Fx Horizontal magnetic body force. 

Fy Vertical magnetic body force. 

G Generation term. 

H Magnetic field intensity. 

J Hydrodynamic coefficient. 

P Pressure. 

Re Reynolds number. 

rmag External magnet radius. 

S Steric coefficient. 

Uin Inlet blood velocity. 

u Horizontal blood velocity. 

v Vertical blood velocity. 

 

!
V  Blood velocity vector. 

 

!
V
MDC

 MDCs velocity vector. 

 

!
V
relative

 Relative velocity of MDCs to blood. 

xmag Horizontal position of external magnet. 

ymag Vertical position of external magnet. 

z Distance between external magnet and tumor. 

ρ Blood density. 

ε Porosity. 

µ Blood viscosity. 

µplasma Plasma viscosity. 

µ0 Magnetic permeability of vacuum. 

λg Geometrical tortuosity. 

χ Magnetic susceptibility of the MNPs. 

τp Particle response time. 

!
MNP

 Total volume of MNPs in single MDC. 

 Volume of a single MDC. 
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