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Ho Sung Kim’

Mechanical Engineering, School of Engineering, Faculty of Engineering and Built Environment, The

University of Newcastle, Callaghan, NSW 2308, Australia

Abstract: Predictive models in the past for stress ratio effect on S-N fatigue life have been subject to modifications since
the 19" century. Many of them have been developed with limited experimental verifications or beyond the theoretical
limit. Also, they have employed weak S-N curve models for the development, resulting in inefficiency in applications.
There has been, also, a missing link in the development of predictive models between S-N curve behaviour and stress
ratio effect. In this paper, theoretical analysis is presented and subsequently a practical procedure for predicting S-N
curves at various stress ratio is proposed. The theoretical and experimental characteristics of the constant fatigue life
(CFL) diagram were clarified for capability and limitations, and dependence of experimental fatigue behaviour.
Mathematical relationships between linear CFL lines and fatigue damage parameters were successfully derived. As a
result, the Kim and Zhang S-N curve model was successfully dovetailed with the linear CFL lines to predict S-N curves
for the whole range of stress ratios. Theoretical predictions of fatigue life based on the mathematical relationships were

verified with experimental data.
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1. INTRODUCTION

Fatigue is a damage process leading to structural
failures. There have been two different approaches for
the fatigue failures for structural materials. One of the
approaches is based on the analysis of individual
cracks using fracture mechanics parameters such as
the stress intensity factor [1]. The other approach is
based on the collective analysis of “small” multiple
cracks [2, 3] using the S-N curve characteristics,
including crack initiation at an un-notched geometry. (S
and N in the acronym stand for stress and number of
fatigue loading cycles at failure respectively.)

The S-N fatigue studies in history have been
somewhat disorderly in sequence as already pointed
out by Burhan and Kim [4]. For example, the research
of stress ratio effect on fatigue life [5-8] mostly appears
earlier than that of S-N curve modelling [9-11] although
S-N curve modelling should be a prior task to the stress
ratio effect for fatigue life prediction. One would be
surprised to find the fact that the stress ratio effect
modelling for fatigue life prediction has still been a
contemporary research topic since the 19th century. It
would not be surprising, however, to find the fact that
the knowledge advancement in the area has been
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slow. The earlier disorderly sequence of events has still
been continued. For example, some researchers [12,
13] have already progressed on to the research on S-N
fatigue life prediction for the variable amplitude loading
while some other researchers [14, 15] have still been
grappling with developing constant fatigue life (CFL)
models for the stress ratio effect under the constant
amplitude loading.  Furthermore, the original
contributions have often been improperly interpreted
and used by many researchers as already pointed out
by Sendeckyj [16]. For example, the constant fatigue
life (CFL) diagrams have been called Goodman
diagrams [17]. In fact, Gerber [5] published in 1874 the
CFL diagram consisting of 6,,.,/0, versus 6,,/6, (Gpax,
omin, @nd o,. applied peak stress, valley stress, and
ultimate strength respectively) followed by Goodman in
1899 [7] for a similar graphical representation of
experimental data. Haigh in 1917 [18] may be the first
to present the linear expression between stress
amplitude (o, ) and mean stress (o,,,, ) for a particular
material i.e. o_(1-0,,,/0,) where o_ is the fatigue
limit at stress ratio (R)=—1, but has erroneously been
called the Goodman relation. Further, it has been found
that some formulations had been developed
erroneously and used. For example, some researchers
[19] proposed an S-N curve expression as a function of
R but by replacing the stress range (40) with 6, (1-R),
which does not affect the nature of the original
expression, given that 46 = 6,,,, (1-R) is no more than a
definition of R. Some researchers presented something
beyond understanding for CFL model verification such
that they plotted some fatigue experimental values of
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o, at failure, whose values of |o,;,| as ones that are
larger than the compressive strength on a CFL diagram
[20].

It may be obvious that, to predict the fatigue life at
different stress ratios, two sets of characteristics may
need to be understood i.e. one for S-N curve behaviour
and the other for CFL at various stress ratios. In other
words, the fatigue life () is a function of two
independent variables i.e. applied stress and R. The
applied peak stress (0,.) may be taken as the first
variable at a given R, which may be accommodated in
an S-N curve model. The other variable R may be
accommodated in a CFL model at a CFL. The
individual models for respective S-N curve behaviour
and stress ratio effect on fatigue life are once validly
established, a relationship between the two
independent variables should be found. A different
approach, of course, may be possible as have been
attempted with a single equation for accommodating
the two independent variables (R and 6,,,,) on a trial and
error basis [19, 21, 22]. The S-N curve models at a
constant R in such an approach, however, were found
to be inferior in the first place to those developed as a
function of single variable (o,,.,) [4]. Burhan and Kim [4]
evaluated most of the S-N curve models available
since 1910. They found that three S-N curve models
separately proposed by Weibull [23], Sendeckyj [11],
and Kim and Zhang [24] are the most adequately
represent the materials characteristics for the whole
range of stress ratios. Ironically, however, none of the
three models have been much used for developing a
predictive model for fatigue life at different stress ratios.
They also found that the Kim and Zhang model among
the three models has an advantage of having an
analytical relationship with the fatigue damage rate [3].

CFL models unlike S-N curve models have been
evolved with a limited applicability following the
numerous early models developed for fatigue Ilimit
design as reviewed by Sendeckyj [16]. Simultaneously,
they have continually been subject to modifications for
generality as the CFL models encounter the difficulty of
application. Main reasons for this may include limited
theoretical understanding of CFL diagram on o,,,
versus o, plane, and discrepancy between
assumption and real experimental fatigue behaviour.
For example: (a) fatigue characteristics caused by
discrepancy between compressive and tensile loadings
were not reflected, producing symmetrical CFL lines
[14, 25]; (b) materials were assumed to fail always at a
constant mean stress at R=1 independent of any other
applied stress levels lower than o,r [15, 26]; and (c)

boundary conditions (or applicable R range — e.g. R=—1
as a boundary) were arbitrarily defined irrespective of
fatigue characteristics formed due to discrepancy
between compressive and tensile strengths [20].

The ultimate purpose of this paper was to propose a
practical procedure for predicting S-N curves at any
stress ratio for materials subjected to uniaxial fatigue
loading. To this end, and in the light of the deficiencies
in the previous studies, the CFL diagram
characteristics were clarified for both theoretical and
experimental aspects. Subsequently, explicit analytical
expressions for damage parameters as functions of two
independent variables (i.e. applied peak stress and
stress ratio) were derived, allowing us to predict S-N
curves.

2. A NEW PROPOSED THEORY AND PROCEDURE
FOR FATIGUE LIFE PREDICTION

The following proposed theory is for determining the
damage parameters as functions of stress ratios,
leading to a practical procedure for predicting S-N
curves at various stress ratios.

2.1. An S-N Curve Model to be Employed

A valid S-N curve model is a prerequisite for
predicting fatigue lives at various stress ratios. An S-N
curve model developed by Kim and Zhang [24, 27] may
be advantageous compared to other models [4]
because of an analytical relationship with fatigue
damage rate.

The Kim and Zhang S-N curve model was
developed by quantifying the fatigue damage at tensile
fatigue failure (Dyr),

D =1 — 22
T our (1a)

or the fatigue damage at compressive fatigue failure
(Dre),

_ lomin|

Dre =1—=Tcr (1b)

where o,,,, = applied peak stress, o, = applied valley
stress, o,r = ultimate tensile strength, o,c = ultimate
compressive strength. Note these equations satisfy the
requirement for D, quantification [3, 28]. It has been
found that experimental fatigue damage rates follow

oD
- a (O—max)ﬁ

aNf (2a)
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or

oD
Prc _ 1B
aN; | Ty (2b)

where a, f = damage rate fitting parameters, and N, =
number of cycle at failure. The number of cycles at
failure () in this equation can be obtained by
integration, yielding an S-N curve as a function of
applied peak stress (o,.,) in the case of tension
dominant failure:

_ (ﬂ'uT)_'SI: Tmax 1= ] .
F gD (J—HT ) — 1|+ No: (3a)

or as a function of valley stress (0,,) in the case of
compression dominant failure,

_ M( ommn|* P )
I a(g-1) ‘O'uc 1)+ No. (3b)
These equations are invertible such that:
(B-1)( ) 7
o a(f-1 Nf—No 1-8
Omax = uT( (UuT)_B + 1) (43)
or
(B-1)(. ) 7
a(f—-1)(Nf—N 1-8
omin] = ol (T 1) (4b)

The term Ny in each equation is to adjust the initial
number of cycles for the first cycle failure point [3]. For
example, Ny=0.5 cycle at g,,,x = g,r with R=0. The fitting
parameters (o and p) for S-N curve in Equation (3) are
identical to those for damage rate at failure with respect
to N, [Equation (2)]. The two parameters (a and B) can
be numerically determined for a set of fatigue data at a
given stress ratio using

AD FT()

~ (omay)’
AN max(i) (5 a)

or

AD e B
g~ lomnol” (5b)
For tensile failure mode, subscript i = 1,2,3,... for
different stress levels (o) may be used for
numerical calculation i.e. ADi= Dyri1y- Dy for Dy
1> Dyriiy OF 1= Gpaxiict) /0utl> |1 Omaxtiy /0ur s ANgiy= Nyiny- Ny
for Ngiiy> Npy, @nd Omaxy = (Omax) - Omaxi-1))/2. A
collected data set for log(ADri/ ANyi) may be plotted
as a function of log o..4xi) such that 8 is the slope and

10% is an intercept. A best fit polynomial equation for
experimental S-N data may be used for converting into
the numerical values, and then for finding a and 8 with
ADyriy/ANyri) and o,4i). For compressive failure mode, a
similar process can be adopted after replacing o
with |0-m[n(i)|a AD/T(i) with AD/C(i), etc.

2.2. Characteristics of Constant Fatigue Life (CFL)
Diagram

The constant fatigue life (CFL) diagram on the plane
of mean stress (o,,,) versus alternating stress (o,)
(Figure 1) is useful not only for providing information of
fatigue lives in relation with stress ratios but also for
predicting S-N curves at various stress ratios. It
consists of ordinate for ¢,, abscissa for o,,,, radial
lines emanating from the origin for constant stress
ratios, and CFL lines. The CFL lines may be
decomposed into two sets. One of the sets which
hereafter will be referred to as the first cycle CFL lines
can be theoretically identified using the quasi-static
ultimate compressive (o,) and tensile (o,)
strengths. The other set of CFL lines (which hereafter
will be referred to as fatigue CFL lines) depends on the
experimental fatigue behaviour (Figure 2). In the case
of fibre reinforced composites, yield strength (o,)and
ultimate strength (o,) are approximately equal unlike
the monolithic ductile materials. However, o, may be
preferably used for monolithic ductile materials as
suggested by Soderberg [8] depending on the definition
of failure.

2.2.1. The First Cycle CFL Lines

The first cycle CFL lines are a locus of failure points
within the first load cycle (about 0.5 cycle between 0.25
to 0.75 cycles). It can be intuitively found from the
schematic load cycling at different stress ratios as
shown in Figure 1. The dot in each load cycle in Figure
1 represents a failure point corresponding to either
o,oro,. For example, the failure point at R=0 is
found to be o,, =0, and N=0.5 cycle. Thus, the first
cycle CFL lines consists of two straight lines forming an
isosceles right triangle for approximately linear
relationships between ¢, and o,..., for each half of the
triangle for the whole range of stress ratios. The
location of the isosceles triangle apex is found to be

__ oyrtloycl
a2 (6)
and
_ our—loucl
Omean = 2 - (7)
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Figure 1: CFL diagrams for the first cycle CFL lines with corresponding loading points: (a) for o,, >

Accordingly, the location of g,.,, for the triangle
apex depends on the static strengths. If o, >|o,|.
then o,,, =(0,; —|0,[)/2>0 as shown Figure 1a; and
if o,, <|o,c|. then o,,, =(0,, —|0,[)/2<0 as shown
Figure 1b. Thus, the stress ratio of the radial line

passing through the apex (£, or y) is found to be

R =vy= Omean _%a

Ouc

_ —loucl

x Omeant%a

and its slope ($;) is also found to be

__ ourtloycl

X our—loycl

ouT

; and (b) for o

(8)

©)
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Figure 2: Diagrams for notation: (a) fatigue CFL lines for o,, >

Ouc

T-T or T-C loading
DﬁrH/ and Vﬂ@
g’ Dﬂi/andhg’ﬂ»‘
|
- ADp/ANG~
?“- D, d N, ’
~ R ™ Npm
g p) N
E‘: 4D, /4N, // ~
/ % /’
R R -
0 Dﬁd,BDdNﬂm
»
o ¢F
Log Guax
(b)
; and (b) log (dD/dN;) versus logomax at a given R with points

a and b, corresponding to those points in fatigue CFL diagram in ‘(a)’.

The critical stress ratio (y) as seen indicates a
location for the transition of the first cycle CFL line
slope dictated by the static strengths. The first cycle
CFL line on the right side of R= y is due to the mean
loading ©,,,, >(0,; —|0,|)/2 generating the failure in
tension mode, while that of left side of the radial line at
R=y is due to the mean loading ©,,,, <(0,; —|0.c])/2,

generating the failure in compression mode.

The intercept value on ¢, -axis of the first cycle CFL
line is found to be |o,.| if o, >|o.| (Figure 1a) or
lo;| if 0., <|o.| (Figure 1b).

Thus, the first cycle CFL lines is theoretically
determined once the static strengths are given. If a set
of experimental results would not conform to the
theoretical description here, the experiment may be
judged to be erroneously conducted [29].

2.2.2. Fatigue CFL Lines

Unlike the first cycle CFL lines, we do not know how
CFL lines look like until the experimental fatigue data
sets at different stress ratios are available. We do
know, however, that the two distinctive types of static
loading for the first cycle are subdivided into further
four distinctive types of loading for the fatigue CFL lines
dependent of mean stress. They may be represented
by the four stress ratio ranges according to the
diagrams in Figure 1, ie. 0<R<l and y <R<0 when
subjected to the mean loading, o,,,, <(0,, —|o,.|)/2;
and +oo<R<y and +cwo<R<l when subjected to the mean
loading, ©,,,, <(0,; —|0,c|)/2. The fatigue damage at
a stress range 0<R<1 is due to tension-tension (T-T)
loading; y <R<0 is due to tension-compression (T-C)

loading; +wo<R<y is due to compression-tension (C-T)
loading; and +wo<R<1 is due to compression-
compression (C-C) loading. The experimental
observation suggests a damage mechanism transition
occurs when the loading condition changes [30]
although the failure modes (e.g. tensile and
compressive failures) at four different stress ratio
ranges coincide with those of the first cycle loading
according to the experimental findings [26].
Accordingly, the fatigue CFL lines are expected to be
affected by the loading type. Nonetheless, the
approximate linearity in the first cycle CFL lines
occurred in either side of y may continue until the
substantial fatigue damage occurs. It may, then, start to
be affected by the loading type and a majority of
experimental data sets indicate that the fatigue CFL
lines within each range of stress ratios under one of
four loading types are approximately linear.
Accordingly, if the fatigue CFL lines are assumed to be
linear in each stress ratio range as shown in Figure 2,
they can be theoretically calculated using an
appropriate number of sets of experimental fatigue data
at different reference stress ratios to find the damage
parameters (a and g) in Equations (2-5) for predicting
S-N curves. The fatigue CFL line at R=1 for either T-T
loading or C-C loading is in general not equal to each
static strength point (o,, or o, ) [31, 32] despite the
fact that most existing predictive models assume that it
is equal to the static strength point (Figure 2). This can
easily be realised by converting the number of loading
cycles () into time. Also, some difference in fatigue
damage between C-C and T-T loadings is envisaged
R=1 because the compressive loading tends to close
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the cracks whereas the tensile loading tends to open
the cracks producing more fatigue damage.
Accordingly, distances between fatigue CFL lines and
o, at, or near, R=1 under C-C loading are closer than
those between fatigue CFL lines and o, under T-T
loading.

ul

The fatigue CFL lines may be formulated for the
four different loading types. The four area segments
indicated by the corresponding four loading types in
CFL diagram (Figure 1) are four domains from the
multi-variable mathematics point of view, each of which
is with boundary conditions produced by two sets of
reference experimental data (TRED) and the first cycle
CFL line.

For a stress ratio range, 0<R<I1 (T-T loading), stress
ratios for TRED (ie. Ro and R,7) should be
0<R<R,y<R< R,;1<1 as schematically shown in Figure 2,
where R is any chosen stress ratio at which an S-N
curve is to be theoretically calculated for prediction. It is
noted that the reference stress ratio, R, is close to R=0,
and R,,ris close to R=1. The slopes (S ,and S ) of the
radial lines for respective R jand R, are found to be

_ 1-Rry
™0 T 14Re (10)
and
__ 1-Rpmr
T = 14Rpr (11)

The slope of fatigue CFL line (Sk) or Sgzr for T-T
loading, intersecting the two radial lines at R,;7 and R,
is found to be

Sro%mean,r0o—SriT9mean.riT

S = \
R(TT) Imean,ro—mean,riT (1 2)

such that the intercept at the ordinate (/) or /. for T-T
loading is found to be

‘{('I'I'} = ?‘lTUmean,rlT - SRJmean,rlT . (1 3)
Therefore,
Oq = "{(TT) + SR(TT)gmean - (14)

For a stress ratio range, y<R<0 (T-C loading), the
same equations above for T-T loading can be used by
replacing subscripts ie. R,;r with R, R, with R,,
Cpeanro With o, .~ and so on. Likewise, TRED
obtained at two stress ratios (R, and R,) as

schematically shown in Figure 2 may be required for

X<R<R,, <R<R,)<R<0. The reference stress ratio, R is
close to y, and R,y is close to R=0. The slopes (S, and
S ) of the radial lines for respective stress ratios R,
and R . are found to be

_ 1Ry,
Y
TRy (15)
and
s 1Ry,
= R
T 4Ry,

(16)

The slope of fatigue CFL line (Sz) or Srerc for T-C
loading, intersecting the two radial lines at R,y and R,,
for both |y/<1 and |y/>1 is found to be

Sry%mean.ry—SrorPmeanror
X X

S =
R(TC) Tmean,ry —mean.rof

(17)

such that the intercept at the ordinate (/) or /7 for T-C
loading is also found to be

‘{(TC‘j = Srﬂramean,rﬂr - SRO-mean.rﬂr (1 8)
Therefore,
Og = I(TC) + SRgman . (1 9)

For a stress ratio range, —owo<R< y (C-T loading),
TRED obtained at two stress ratios (R and R,..) may
be required for —oo<R< R, <R< R , < R<y. The slopes of
the radial lines at R=R_ and R=R_, are found to be

s 1-Rr,
X! 1+R’"}(’ (20)
and
1Ry
O T 4R (21)

respectively. The slope of fatigue CFL line (S,) or
Scr) for C-T loading, intersecting the two radial lines
at R,,-and R, for both [y|<1 and [x>1 is found to be

SryrOmean,ryr—SrooImean,roo

SR cn = Tmean,ry!— Fmean,ro ’ (22)

so that the intercept of the fatigue CFL line at the
ordinate (/) or I, for C-T loading is found to be

‘r(G‘T} = Srmgmean,rm - SR{CT)Jmean,rm- (23)
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Therefore,

Oy = I(m + SR(m“mean . (24)

For a stress ratio range, +ow>R>1 or —wo<R< 1 (C-C
loading), the same equations developed for C-T
loading above can be used by replacing subscripts e.g.
R, replaced by R, R.., replaced by R,;c, and so on.
Thus, TRED for R,,,- and R,;c may be required (Figure
2) such that +o0>R>R,,>R> R,;c >R>1, where R is any
chosen stress ratio at which an S-N curve is
theoretically calculated for prediction. The slope of
fatigue CFL line ( S, ) intersecting the radial line for R
for both |y/<1 and |y/>1 is found to be

G LRry
T LRrg, (25)
and
_ 1-Rric
T 1+Ryc (26)

respectively. The slope of fatigue CFL line (S,) or
Sk(cc) for C-C loading, intersecting the two radial lines
at R, and R, for both |y|<1 and |y>1 is found to be

Sroor Fmean.roor —Sr1C%mean,r1C

SR(CC) =

Imean,roo! —Tmean,ric ’ (27)

so that the intercept of the fatigue CFL line at the
ordinate (/) or I, for C-C loading is found to be

jl'(Cl:‘]l = SrlC Oq,r1c — SR(CCJ Omean,ric
(28)

Therefore,
Og = I(CC) + SR(CC)Umean-

(29)

Table 1: Constants A and B

2.3. Relationships of S-N Curve Parameters (a and
p) with Stress Ratio (R)

Once S-N curve parameters for TRED are
determined, S-N curve parameters (o and B) at
different stress ratios can be theoretically calculated for
prediction of S-N curves by establishing a relationship
of a and B with stress ratio (R).

The damage rate (8Df/BNf) [see Equation (2)]

near the static strength (o, or 6,.) on log-log plot for
oD, /0N, versus o, tends to converge on a single

point for different stress ratios (Figure 2b). Accordingly,
a relation between a and g independent of R using
TRED for each loading segment is found to be:

Log a = A+Bf (30)

where A and B are constants. The constants can be
determined using the damage parameters of TRED in
the case of for T-T loading:

_ log er(roy—log a(riT)
Broy—BriT

(31a)

and

A = log @11y — BB(rar) (31b)
where subscripts 70 and 717 indicate for near R=0 and
R=1 respectively. Note that the subscripts are
consistent with those in Figure 2. Similarly, other sets
of constants for T-C, C-T, and CC loadings are also
determined as listed in Table 1.

Any radial line emanating from the origin at a given
R in CFL diagram (Figure 2) is given by

__1-R
a l_l_RG-mean .

(32)

Loading Constants
ot B = % VA= logot(”(r) - Bﬁ(mf!)
c-C 5= 1”351211:21?12“’” - A =10g@(rooy = B(rea)
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For T-T segment, a point (e.g. point a in Figure 2a)
on the radial line intersected by the fatigue CFL line for
given Ny and R can be obtained by equating Equation
(32) to Equation (14) such that,

_ I(TT) (1-R)
a l—R—SR(m(1+R}- (33a)
Similarly, for T-C loading, C-T loading, and C-C
loading, the fatigue CFLs are obtained for given N, and
R:

_ lggQO-R)
9a = 1-R—Sp(rc)(1+R)’ (33b)
. 1'!@(1—11) ]

g, = :
a 1-R-Sg(cr)(1+R) and

(33c)
_ _ leeO-R)

@ 1-R-Sp(cg)(1+R) (33d)

respectively.

Accordingly, an arbitrarily chosen number of cycles
(Nr=Np) for T-T and T-C loadings with a given R for o,
is found from Equations (3) and (30) with
O, =20,/(1-R);

__ (our)P 20a/(1-R)\ 1P
fe — 10(A+BB)(B—1) [( ) -1+ No

ur (34a)
and for C-T and Cc-C loadings
[note g,,;, = 20,R/(1 —R)]:
_ _loucl™®  (|zear/a-R)*F
Nre = To@sig (| ouc ‘ a 1) o (34b)

Either of these two equations may be directly used
for finding unknown B at a given R by numerically
solving the equation with an arbitrarily chosen number
of cycles (N,), and subsequently o can be
determined according to Equation (30). A method
determining o and B using Equation (34a or b) will be
hereafter referred to as one-point method. This method
may be efficient but the computing precision should be
sometimes considered for accuracy because of the
process involving both high powered numbers and
small numbers. Table 2 lists formulas sequentially as a
practical procedure for the one-point method
calculation of T-T loading. For other loadings, the
procedure in Table 2 can be used by replacing
subscripts in equations with appropriate ones.

Table 2: One-Point Method for T-T Loading - One of Possible Sequences of Theoretical Calculation for Finding a and

B at Different Stress Ratios

Sequence Description Expressions for Calculation
1 Damage parameters o and S for two sets of 3Dpr — a:(cr ),ﬁ‘
reference experimental data (TRED) aNf max
_ logagg—logag d
Constants A and B using TRED for Log a = = — an
2 A+B B B@o)~Biram)
then A = log a1y — BBy
1-R 1-R
3 Slopes of radial lines of TRED in CFL diagram Sio=—2 and S, = —2L
1+Ryg 1+Rpy7
T f I O-meml,:‘{} alld O-mean,?‘lT U’S]'Ilg
wo sets of mean stress values at given two G, =(1+R)o,../2 and
4 values of N, (e.g. N=N,=10% and N=10° cycles) mean = ( )Oma/ 1
for TRED _ a(B-1)(Wr+No) 1-f
Omax = o-uT( (our)—F + 1)
S _ SroOmean,ro —Sr1iTCmean,riT d
Slope of fatigue CFL line, Sk, and intercept, R(Im) =7 o an
5 ‘mean, 0~ Pmean,riT
I, at the constant N, for TRED I =S S
(rT) = 21r17%mean,r1iT — °ROmean,riT
. . _ Ir(1-R)
6 Stress amplitude ( 0, ) for given Nyand R Oq = T RS (1IR) R—Span)(1+R)
7 S-N curve parameter 8 numerically using a N.. = (our)# (ZUa/(lfR))l_‘B —1|l+nN
chosen constant value of N(=Nyc) for a given R fe = 10@+BE)(g-1) Oyt 0
8 S-N curve parameter a Loga = A+ Bf
9 Polynomial functions for further applications o=f(R) and f=f(R)
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Another method for finding unknown g, which will be
hereafter referred to as two-point method, can be found
if we want to avoid the weakness of one-point method.
This method is to utilise the linearity of the damage rate
(Figure 2b) without solving the equation numerically. It
may start by choosing appropriate two numbers of
cycles i.e. Ny = Ny (e.g 1000cycles) and N, (>N e.g
1050ycles) for two points ¢ and b as shown
schematically for T-T loading in Figure 2. The two
points in CFL diagram (Figure 2a) correspond to 6,,4,;
and 42 (Oumax > Omax2) rESpectively in a diagram of log
dDy/dN; versus log o,. (Figure 2b), which may be
obtained from [note o,, =20,/(1-R)],

21

a. =
max  j_R—Sg(1+R)

(3%)
for a given R at which unknown S is to be found. Once
.. and o,,> are obtained, another set of
corresponding two values of ADy/AN; (i.e. AD;/AN; and
A4Dp/ANy) can be obtained (Figure 2b) using

ap; _ AG—7R)
= (36)

where ANy = (Ngy +34N¢) — (Ngy + 34Ng) or

ANg = (Ngz +34Ng) — (Ngz +2ANg). ADgy = Dy — Drary
or

ADg; = Dy — Praqy Praery = 1 — Omaxiany/ Our @t Neyqa
= Ngy +34N; of Dy = 1 — Oppaua )/ Our At

Np>@y = Nz + 4Ny, Dpay = 1 — Omaza)/ Our at Npyqr
(: N}rl — %AN}C) or D}"Z(L) =1- gmaxZ(L)/G—uT at

Neyy(= Npz —34Nf).  In numerical  calculation,
ANy = Ny /100 or ANy = N¢, /100 may be sufficiently
accurate. From the diagram (Figure 2b), we find,

log(—‘Lﬂ‘:i,::f 1)_103(_% 2)
B = f i

o log(omax1)—loglomaxz)

(37)

Table 3 lists formulas sequentially as a practical
procedure for the two-point method calculation of T-T
loading. For other loadings, the procedure in Table 3
can be used by replacing subscripts in equations with
appropriate ones.

For further applications, theoretical data for o and g
may be obtained as functions of stress ratio (R) for
curve fitting of the following polynomial equations with
an adequate polynomial order n (Microsoft Excel is
sufficiently capable for this process):

loga = agyR™ + Qg R + Qgu-R" >+ + Ay R" ™"
(35)

and

8 = ag(n)R“ + G.B(n_1)Rn71 + a.g(n_z)RﬂﬁZ + -+ ag(n_n)Rnine
(36)

where a, and a; are polynomial coefficients.

3. VERIFICATION AND DISCUSSION

The accuracy of S-N curve predictions at various
stress ratios entirely depends on the linearity of CFL
lines and the accuracy of S-N curve model.

For T-T loading (or for 0<R<R,<R< R, r<R<1 in
Figure 2), unidirectional carbon fibre reinforced
composites with o,7 =52 MPa obtained for 50°C by
Miyano and Nakada [31] at R= R,y =0.05 and R,;r =0.9
were employed as TRED and another experimental
data set obtained at R=0.5 was used for comparing

Table 3: One of Possible Sequences of Theoretical Calculation for Finding a and B at Different Stress Ratios Using

Two-Point Method for T-T Loading

Sequence Description Expressions for Calculation
Same Sequence as one-Point Method for Sequence Steps1-5.
For a given R, log 0,,. and then, corresponding logg Cmax = _Man
AN; 1-R—Sgerr) (1+R)
6 1 1 . Ap,  A(-Zmex
at N, irEANf and N, irEANf (where ANf is an 29r JuT
AN AN
arbitrary value chosen for numerical calculation) 4 4
AD AD
) log( fl)—log( fz)
7 Parameter  for the given R _ ANy ANy
IOg(Grnaxlj - IOg(UmaxZ)
Same sequence as one-point method for sequence steps 8-9.
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with theoretical prediction. According to the procedure
given in Table 2, the fitting/damage parameters in
Equation (3) were found: loga=—38.61 and $=21.54 for
R,y =0.05; loga=77.14 and p=43.96 for R =0.5; and
loga=136.79 and p=78.95 for R,;r =0.9.The predicted
S-N curve for R=0.5 is shown in Figure 3a in
comparison with a fitted S-N curve for experiment data.
Also, Figure 3b shows a CFL diagram, in which data
points were taken from the fitted S-N curves of
experiment data, and the linear fatigue CFL lines
represented by the dashed lines for prediction. It is
seen that the fatigue CFL lines tend to deviate a little
from the data points at high values of N. This minor
discrepancy, however, may be expected because of:
(a) the sensitivity of N, to the applied peak stress (ou.x)
at high stress ratios (R>0.5); and (b) the 3-point
bending testing method for the obtained experimental
data generating a relatively high scatter compared to
the uniaxial testing.

To find a and g by curve fitting as functions of R, a
range of values at various stress ratios were
theoretically calculated using the one-point method,
and listed in Table 4, and plotted in Figure 4 with
TRED. Figure 4a shows the damage rate as a function
of applied peak stress on log-log scale. As expected,
the fitted lines for TRED converge on a point. Also, a
linear relationship between log a and g was found to be

log o =—1.780 —1.710 B (37)

with a correlation coefficient (cc) of 1.000 as shown in
Figure 4b.

60 +o

40 -

O,nax (MPa)

R=0.05 (Experiment)

R=0.5 (Experiment)

R=0.9 (Experiment)

R=0.05 (Fitted)

=+ = R=0.5 (Fitted)

—-+=—R=0.5 (Predicted)

----- R=0.9 (Fitted)

0 T T T '
-1 1 3 5 7

Log Ny

(a)

O
A

20 o

The data in Table 4 is plotted in Figure 4c and d
and the following polynomial equations with a
correlation coefficient (cc) of 1.000 for both were
obtained:

log & = —503.67R’ + 872.74R* — 635.84R> + 166.66R* —
52.333R - 36.33 (38a)

and

S =294.52R> - 510.33R* + 371.8R*> — 97.452R* + 30.601R +
20.203. (38b)

Table 4: Damage Parameters of Unidirectional Carbon
Fibre Reinforced Composites Predicted with
TRED Obtained at R=0.05 and 0.9 from on-Point
Method for T-T Loading

Stress ratio (R) Log a B
0.05 -38.61 21.54
0.2 -43.90 24.63
0.3 -48.43 27.28
0.4 -54.10 30.60
0.5 -61.40 34.86
0.6 -71.10 40.54
0.7 -84.60 48.43
0.8 -104.54 60.09
0.9 -136.79 78.95

For T-C loading applicable for a stress ratio range
X<R<0, data sets for unidirectional carbon/epoxy

60 T
B 1.0EOlcycles
50 O  1.0E02 cycles
® 1.0E03 cycles
40 + + 1.0E04 cycles
¢ 1.0EOS cycles
R=0 L
30+ N . Prediction
5?
= R=0.05
‘; 20 + <.
S SN R=0.5
10 + I NN
TR R=0.9
0 —t {
0 10 20 30 40 50 60
o, (MPa)

Figure 3: T-T loading with experimental data for fibre reinforced composites with ¢,7=52 MPa (Miyano and Nakada, 1995) and

prediction for R=0.5: (a) S-N behaviour; and (b) CFL diagram.
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Damage rate and parameters (o and f) of TRED (Miyano and Nakada, 1995), and predictions obtained from

one-point method for T-T loading: (a) log 4D,/AD, versus log o0, (b) linear relationship between log a and g; (c) log a as a

function of R ; and (d) B as a function of R.

laminate with transverse strengths ¢,;=30.1 MPa and
0.,c=154.0 MPa obtained by Kawai and Itoh [26] at R=
0.1, -1 and —5.12 were employed for verification. The
two stress ratios (0.1 and —-5.12) were used for TRED
and the other R=—1 for comparing with prediction for
Y<R<R _<R<R,)<R<0 (Figure 5a). The data set for
R=-5.12 was used as R=R_=x but the data set for
R= 0.1 was not directly used as R, because it is from
T-T loading segment but used to obtain an S-N curve
at R=0 by extrapolation using two points, ¢,7 and data
point at R=0.1, for each data point at R=0. Thus, the
obtained data set was used for R=0. The use of o, for
the extrapolation in this case may be acceptable
because of the proximity of R=0.1 to R=0 (Figure 5b)
unlike the case of T-T Iloading. Fitting/damage
parameters extrapolated for R , =0 using the data for

R=0.1 were found to be log a=—21.607 and $=13.342;
and log a =-11950 and p=6.716 for R =—5.12.
Eventually, using the reference data for R and R,

fitting/damage parameters for R=—1 were predicted to
be log a =—17.146 and $=10.217 and its S-N curve is
shown in Figure 5a. The predicted S-N curve for R=—1

appears to be in good agreement with experimental
results. Figure 5b shows a CFL diagram in which data
points are plotted from obtained S-N curves. Some
deviation at low cycles (10* and 10°) are noticeable but
the actual experiment data points are in agreement
with the calculated values. The predicted values
obtained from the one-point method for other stress
ratios are listed in Table 5 and graphically shown in
Figure 6a. Also, a linear relationship between loga and
S was found to be

log o =1.688 —1.746p (39)

with a correlation coefficient (cc) of 1.000 as shown in
Figure 6b. The following polynomial equations (Figure
6¢ and d) were found as functions of R:

log & = —0.0066R> — 0.1299 R* — 1.4963 R — 21.606 (40a)
and
S =0.0038R> +0.0744 R* + 0.857 R + 13.341 (40b)

with a cc of 1.000 for both equations.
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Figure 5:

(b)

T-C loading with experimental data for unidirectional carbon/epoxy laminate [90]1¢ with strengths 0,7=30.1

MPa and 0,c=154.0 MPa obtained for R=0.1, -1 and -5.12 (Kawai and ltoh, 2014): (a) S-N behaviour - the fitted line at R=0
was predicted using R=0.1 from T-T loading and then used as a reference data for S-N curve prediction, and subsequently S-N
curve for R=-1 was predicted using two reference data sets at R=0 and -5.12.; and (b) CFL diagram.

Table 5: Damage Parameters Predicted with Reference
Fatigue Data Sets for R=—5.12 and 0 for T-C
Loading - Data Set for R=-5.12 was
Experimentally Obtained and the Data Set for
R=0 was Predicted Using Data for R=0.1

Stress ratio (R) Log a B
-5.12 -16.47 10.40
-4 -17.27 10.86
-3 -18.11 11.34
-2 -19.08 11.90
-1 -20.23 12.55
0 -21.61 13.34

For both C-C and C-T loadings, experimental data
sets for unidirectional carbon/epoxy laminate [0];s with
strengths 0,= 807MPa and o,,= 1887MPa obtained by
Kawai and Itoh [26] were employed for verification.

For C-C loading applicable for a stress ratio range
+0>R>1, two experimental data sets obtained at R=10
and 2 are given with others in Figure 7a. The data set
for R=10 was used as for R,.,, and the experimental
data set for R=2 was used for comparing with one point
method prediction. The compressive strength (o,c¢)
point was used as an approximate CFL line end point
of R,;c =1 for +owo>R>R,.>R> R,c >1 without another
reference experimental data set for R, given that CFL
lines passing through the experimental data points are
close to each other (Figure 7b). The predicted S-N
curve for R=2 is in good agreement with the
experimental data. Further predictions for other stress
ratios were made and fitting/damage parameters are
listed in Table 6 and graphically shown in Figure 8a.
Also, a linear relationship between loga and g is found
to be



S-N Fatigue and Stress Ratio

Journal of Composites and Biodegradable Polymers, 2019 Vol. 7 69

2
1
0 ;,’;” -14
15 4
-1 -0R=-5.12
-2 -16 T
= .
2{3 s 17 ¢ Re.5.12 T-C loading
oA @ 134 T
Q
- : = a9}
6 R-5.12¢ -20 ¥
7 ey 21 ¢
8 el 2+ R=0
R=0
? - - - - 23 : : : :
0.7 09 11 13 15 1.7
9 10 11 12 13 14
L0g Gy B
(a) (b)
15
14 4
12 4
16 +
13 4
S
o -18 1
& Q12
3
20 4
T-C loading 1
T-C loading
22 4
10
-24 + + + . t t 5 . . . . . .
-6 > 4 3 -2 1 o -6 -5 -4 -3 2 -1 0 1
Stress ratio (R) Stress ratio (R)
(c) (d)

Figure 6: Damage rate and parameters (a« and f) of TRED, and predictions obtained from one-point method for T-C loading: (a)
log 4D,/AD,versus log omax; (b) linear relationship between log a and B; (c) log a as a function of R; and (d) 8 as a function of R.
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Figure 7: Experimental data for unidirectional carbon/epoxy laminate [0]i¢ with strengths o,c= 807MPa and o,7= 1887MPa
obtained for R=2 and 10 under C-C loading and for R=-0.43 and -1 under C-T loading (Kawai and Itoh, 2014): (a) fitted and

predicted S-N curves — practically no difference in fitted S-N curve between R=10 and « is seen; and (b) CFL diagram for both
C-C and C-T loadings.

log @ =—1.4221-2.9074 41) for C-C loading were found (Figure 8¢ and d):

with a cc of 1.000 as shown graphically in Figure 8b.
The following polynomial equations as functions of R

log a = —0.0105R° + 0.4263R’ — 7.068R* + 61.453R’ —
297.44R* +773.66R — 1045.4 (42a)
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and C-T -0.43 -41.074 13.910
S =0.0036R® — 0.1466R> + 2.431R* — 21.137R’ + 102.3R* — -1 -60.588 20.483
266.1R + 359.08 (42b) 2 -82.350 27.899
. . -3 -96.210 32.641
with a cc of 1.000 for both equations.
-4 -105.85 35.944
Table 6: Dam_age Parameters Predicted with a Reference 5 113.62 38.615
Fatigue Data Set for R=10 for C-C and C-T
Loadings -6 -118.38 40.244
-7 -122.69 41.723
Loading Stress Ratio (R) Log a B -8 -126.18 42.922
2 -206.38 101.45 -9 -129.07 43.915
3 -218.57 74.688 -10 -131.50 44.750
4 -193.13 65.936 - -159.69 54.438
5 -180.52 61.600
C-C 6 172.99 59.011 For C-T loading applicable for a stress ratio range,
data set for R=x=R_=-043 was employed as a
! -168.01 57.296 reference experimental data for —-<R_<R<R_ <X.
8 -164.44 56.07 Also, another experimental data set for R=—1 was
9 -161.78 54.439 employed for comparing with two point method
10 -159.70 54.439 prediction. A reference data set for R was predicted
0
1 30 + o R=-0.43 O C-T loading, 2-point method
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Figure 8: Damage rate and parameters (a and g) predicted using TRED (Kawai and Itoh, 2014) for C-C and C-T loadings: (a)
log 4D,/AD,versus log 0,4y, (b) linear relationship between log a and g; (c) log a as a function of R; and (d) 8 as a function of R.
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under C-C loading and its S-N curve is shown with
others in Figure 7a. Eventually, prediction of S-N curve
made for R=—1 appears to be in good agreement with
the fitted curve of experimental data as shown in Figure
7a. Also CFL diagram (Figure 7b) confirms the good
agreement between prediction (dashed line) and data
points from the fitted S-N curve for R=—1. Also, a linear
relationship between loga and g is found to be

log @ =—0.3162-2.93018 (43)

with a cc of 1.000 as shown in Figure 8b. Further
predictions for other stress ratios under C-T loading
were made and fitting/damage parameters are listed in
Table 6 and graphically shown in Figure 8b with those
of C-C loading. The following polynomial equations
were found as functions of R for C-T loading (Figure 8c
and d):

log a = 0.003R’ + 0.0998R* + 1.3174R’ + 9.1605R*> +
38.655R - 26.175 (44a)

and

S =-0.001R’ - 0.0341R" - 0.4496R’ - 3.1263R* - 13.192R +
8.8254 (44b)

with a cc of 1.000 for both equations.

4. CONCLUSION

A new practical procedure has been studied to
predict S-N curves at various stress ratios. The
theoretical and experimental characteristics of the
constant fatigue life (CFL) diagram were clarified for
capability and limitations, and dependence of
experimental fatigue behaviour. Mathematical
relationships between linear CFL lines and fatigue
damage parameters were successfully derived. As a
result, the Kim and Zhang S-N curve model was
successfully dovetailed with the linear CFL lines to
predict S-N curves for the whole range of stress ratios.
Theoretical predictions of fatigue life based on the
mathematical relationships were verified with the
experimental data.
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